1. Geometric cyclotomic Z p -extension. Let p be a prime and Z p the ring of p-adic integers. Let q be a power of p and F q the finite field of q elements. We set k = F q (T ), the rational function field over the finite field F q , and O = O k = F q [T ] . We write k 1/T for the completion of k at the place corresponding to 1/T and choose a uniformizer π of k 1/T . Denote by C the field k 1/T ( q−1 √ −π). In the following, by an extension of k we mean a separable extension of k for which any embedding into an algebraic closure k ac 1/T lies in C viewed as a subfield of k ac 1/T . Let K be a finite abelian extension of k. Let O K be the integral closure of O k in K. Let I K be the group of nonzero fractional ideals of O K and P K the group of non-zero principal ideals of O K . We set Pic(O K ) = I K /P K , the ideal class group of O K . Let H K be the Hilbert class field of K, i.e. the maximal unramified geometric abelian extension of K. We set h K = Pic(O K ). It is known that Gal(H K /K) Pic(O K ).
Let K ∞ /K be a geometric Z p -extension (i.e. K ∞ /K is a Galois extension with Γ = Gal(K ∞ /K) Z p and for all n, the nth layer K n has constant field F q ). Let A(K n ) be the p-Sylow subgroup of Pic(O K n ). Let X ∞ = lim ← − A(K n ) be the inverse limit of the groups A(K n ) with respect to the norm map. Let Λ denote the complete group ring
The proof of the next proposition is the same as that of Theorem 2 in [4] . 
We denote by K G the genus field of K. So K G is the maximal geometric unramified abelian extension of K such that K G /k is an abelian extension. As in the number field case it has been shown that (cf. [ 
where e v is the ramification index of a place v of k in K. We use this result to prove the next proposition.
with only a finite number of ramified primes.
(2) Let k ∞ /k be a geometric Z p -extension which ramifies at P 1 , . . . , P m (m > 1). There exists n 0 ≥ 0 such that every prime which ramifies in k ∞ /k n 0 is totally ramified. By ( * ),
Recall that the rational number field Q has a unique
it is natural to make the following:
Definition. Let k ∞ /k be a geometric Z p -extension unramified outside one prime over a rational function field k = F q (T ). Let K be a finite extension of k. We set
2. Main theorem. First, we define some notations and recall some properties of Artin-Schreier extensions. For details, see [5] , [6] .
Let F be a field of characteristic p > 0. If L is an abelian extension of degree p of F (an Artin-Schreier extension of F ), then L can be written as L = F (y A ), where y A satisfies the equation
(1) Local case. Let F = F q ((t)) be the power series field over a finite field F q . We let o be the valuation ring, p its maximal ideal and v p the valuation with respect to p. We put
be the Frobenius automorphism and set
. It is known that Res xda = c −1 (the residue of a differential form xda) is independent of the choice of a uniformizer t. We set a, x p = Tr Res x da a , For P ∈ O k an irreducible polynomial of degree d, we let i P be the natural embedding
where k P is the completion of k at P . For a ∈ k * , x ∈ k, we define Res P xda = Res i P (x)di P (a). We can show the reciprocity law in this case as follows:
where the sum runs over the irreducible polynomials of O k .
Proof. By the definition and Proposition 3,
We now state our main result.
Theorem. Let k ∞ /k be a geometric cyclotomic Z p -extension which ramifies only at P 0 . Let the first layer be k 1 
Conversely, in each case of t = 0, 1 or 2, the following are necessary and sufficient conditions for (1):
In case t = 0, (1) always holds. In case t = 1, (1) holds if and only if
), where either
In case t = 2, (1) holds if and only if
), where C i = 
Review of the genus theory.
Suppose that p is a prime and Gal(K/k) is an abelian p-group. Then the genus field K G of K is also an abelian p-extension as is easily seen from ( * ). If p does not divide the class number of K, then K does not have any non-trivial geometric unramified abelian p-extension by class field theory, hence K G = K. In the following we will assume K G = K. Further, we consider the central p-class field K C of K, that is, K C is the maximal p-extension of K such that K C /K is geometric, abelian and unramified, K C /k is Galois and Gal(K C /K) is in the center of Gal(K C /k). Since a p-group must have a lower central series that terminates in the identity, one sees that p h K if and only if K C = K. So we are interested in when K C = K. This can be reduced to the case when Gal(K/k) is an elementary abelian p-group by the following result:
Lemma 1 ([2, Theorem 1], [7, Lemma 3]). Let K/k be an abelian p-extension with K G = K. Let K be the maximal intermediate extension between k and K such that Gal( K/k) is an elementary p-group. Then the p-rank of Gal(K C /K) is equal to the p-rank of Gal(( K) C / K).
Now let K/k be a finite elementary abelian p-extension. Let G = Gal(K/k) and X G be the group of characters of G. 
where r is the p-rank of Gal(K/k). Now we use this criterion to determine all elementary abelian p-extensions of k whose class number is prime to p.
Let P 1 , . . . , P z be distinct monic irreducible polynomials and let d i = deg P i for each i. Let K be a finite elementary abelian p-extension of k whose conductor has prime factors P 1 , . . . , P z . Let T P i be the inertia group of P i and r i be the p-rank of T P i . If z = 1, then P 1 is the only prime of k which ramifies in K. So the decomposition group
We have
So Gal(K C /K) has non-trivial p-rank and p divides h K . It remains to consider the cases: z = 2 and z = 3.
Lemma 2. Suppose z = 2. Then p h K if and only if , by changing the order of P 1 and P
Since G P i /T P i is a cyclic group, the p-rank of G P i is r i or r i + 1. Hence in order that ∆(K/k) has rank r(r − 1)/2, we must have
Hence p h K only if r 1 r 2 − (r 1 + r 2 ) ≤ 0. This inequality holds if and only if either r 1 = r 2 = 2 (in this case, the p-rank of G P i is r i + 1 for i = 1, 2) or r i = 1 for some i.
,
} be a basis of the dual group of T P i over F p defined by Then with respect to the basis {χ 1,1 ∧χ 1,2 , . . . , χ 2,1 ∧ χ 2,2 }, by choosing suitable bases of
When r i = 1 and r j ≥ 1 arbitrary, we may assume that i = 1, j = 2. Let (y A 2,1 , . . . , y A 2,r 2 )) and T P 2 = Gal(K/k(y A 1,1 )). Let χ 1 be a multiplicative character on the inertia group
for σ ∈ T P 1 and {χ 2,1 , χ 2,2 , . . . , χ 2,r 2 } be a basis of the dual group of T P 2 defined by χ 2,k (τ ) = ζ
With respect to the basis {χ 1 
So we see that ∆(K/k) has rank r(r − 1)/2, where r = r 2 + 1, if and only if Proof. Let T P i be the inertia group of 
where {i, j, k} = {1, 2, 3}. Let χ i be a multiplicative character on the inertia group
So ∆(K/k) has rank 3 if and only if
By Corollary 2, this completes the proof. 
Proof of the Theorem. Suppose that λ(K
This condition is equivalent to A(K n ) = 0 for any sufficiently large n. This is equivalent to K n = K n,G = K n,C . By Lemma 1, K must be an elementary abelian p-extension of k such that
By the argument of Section 3, when t = 0, K always satisfies this condition, and when t ≥ 3, it does not.
In the case of t = 1, by Lemma 2, It will suffice to find conditions for their subfields of index p to be different from k 1 . But these conditions are (1.1) and (1.2).
In the case of t = 2, we use Lemma 3 and the statement can be obtained in the same way.
Conversely, assume that K satisfies the conditions of the Theorem. Then K n = K 1 k n = (K n ) G and ( Kk n ) C = ( Kk 1 ) C = Kk 1 = Kk n for all n ≥ 1. This completes the proof.
